Fan realizations of type $A$ subword complexes and multi-associahedra of rank 3 by Bergeron, Nantel et al.
HAL Id: hal-01337805
https://hal.archives-ouvertes.fr/hal-01337805
Submitted on 27 Jun 2016
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.
Distributed under a Creative Commons Attribution| 4.0 International License
Fan realizations of type A subword complexes and
multi-associahedra of rank 3
Nantel Bergeron, Cesar Ceballos, Jean-Philippe Labbé
To cite this version:
Nantel Bergeron, Cesar Ceballos, Jean-Philippe Labbé. Fan realizations of type A subword complexes
and multi-associahedra of rank 3. 27th International Conference on Formal Power Series and Algebraic
Combinatorics (FPSAC 2015), Jul 2015, Daejeon, South Korea. pp.429-440. ￿hal-01337805￿
FPSAC 2015, Daejeon, South Korea DMTCS proc. FPSAC’15, 2015, 429–440
Fan realizations of type A subword
complexes and multi-associahedra of rank 3
Nantel Bergeron1† and Cesar Ceballos1‡ and Jean-Philippe Labbe´2§
1Fields Institute, York University, Toronto, ON, Canada
2Einstein Institute of Mathematics, Hebrew University of Jerusalem, Jerusalem, Israel
Abstract. We present complete simplicial fan realizations of any spherical subword complex of type An for n ≤ 3.
This provides complete simplicial fan realizations of simplicial multi-associahedra ∆2k+4,k, whose facets are in
correspondence with k-triangulations of a convex (2k + 4)-gon. This solves the first open case of the problem of
finding fan realizations where polytopality is not known. The techniques presented in this paper work for all finite
Coxeter groups and we hope that they will be useful to construct fans realizing subword complexes in general. In
particular, we present fan realizations of two previously unknown cases of subword complexes of type A4, namely
the multi-associahedra ∆9,2 and ∆11,3.
Re´sume´. Nous construisons des e´ventails simpliciaux complets ayant la combinatoire des complexes de sous-mots de
type An pour n ≤ 3. Par conse´quent, nous obtenons des constructions d’e´ventails des multi-associae`dres ∆2k+4,k,
dont les facettes correspondent aux k-triangulations d’un (2k + 4)-gone. Cette construction confirme l’existence
d’e´ventails ayant la combinatoire du multi-associae`dres pour une famille dont la polytopalite´ n’est pas confirme´e.
Les techniques utilise´es fonctionnent pour tous les groupes de Coxeter et nous espe´rons qu’elles seront utiles afin de
construire des e´ventails re´alisant les complexes de sous-mots en ge´ne´ral. En particulier, nous pre´sentons des e´ventails
pour deux complexes de sous-mots de type A4 dont l’existence e´tait inconnue: les multi-associae`dres ∆9,2 et ∆11,3.
Keywords: simplicial fans, multiassociahedra, subword complex, Gale duality, realization space.
1 Introduction
Subword complexes are simplicial complexes introduced by Knutson and Miller [KM04] motivated from
the study of Gro¨bner geometry of Schubert varieties [KM05]. They proved that any subword complex is
either a topological ball or sphere [KM04, Corollary 3.8], and asked the question of whether every spher-
ical subword complex can be realized as the boundary complex of a polytope [KM04, Question 6.4]. The
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answer to this question has been verified to be positive only for a few cases, which include interesting fam-
ilies of polytopes such as all even dimensional cyclic polytopes [CLS14], the duals of c-generalized asso-
ciahedra [CLS14], the pseudotriangulation polytope of any planar point set in general position [RSS03],
and the brick polytopes of “root-independent subword complexes” [PS12, PS15]. Another family of
closely related simplicial complexes is the family of multi-associahedra. Given any two positive integers
k ≥ 1 and ` ≥ 2k + 1, the (simplicial) multi-associahedron ∆`,k is a simplicial complex whose facets
correspond to k-triangulations of a convex `-gon [Jon05]. This simplicial complex is conjectured to be
realizable as the boundary complex of a polytope [Jon05, Section 1.2]. The only cases for which this
conjecture has been verified are summarized in Table 1.
∆`,k Realizable as a
k = 1 dual of a classical associahedron [CSZ14, MHPS12]
` = 2k + 1 single vertex
` = 2k + 2 simplex
` = 2k + 3 cyclic polytope [PS09, CLS14]
` = 2k + 4 complete simplicial fan (this paper)
∆8,2 6-dimensional polytope [BP09, Ceb12] (this paper)
∆9,2 complete simplicial fan (this paper)
∆11,3 complete simplicial fan (this paper)
Tab. 1: Known results about polytopality of multi-associahedra.
Subword complexes and multi-associahedra turn out to be quite related: every multi-associahedron can
be obtained as a well chosen subword complex of type A [PP12, Stu11], see also [SS12]. Conversely, the
family of multi-associahedra is universal, in the sense that every spherical subword complex of type A
can be obtained as the link of a face in a multi-associahedron [PS12, Proposition 5.6], see also [CLS14,
Theorem 2.15]. The relation between these two families of simplicial complexes has been extended to
arbitrary finite Coxeter groups in [CLS14].
In this extended abstract, we present complete simplicial fan realizations for any spherical subword
complex of type An for n ≤ 3. This is particularly interesting for the case n = 3, where the answer to
the question of polytopality is not known. In particular, we obtain complete simplicial fan realizations of
multi-associahedra ∆`,k for ` ≤ 2k + 4, which solves the previously unknown case when ` = 2k + 4.
Our constructions also lead to a large connected component of the fan realization space in each case,
see Section 5. It is also natural to ask whether the complete simplicial fans constructed here are normal
fans of polytopes. Although it is often true for k ≤ 2, we do not know if any of our fan realizations
for ∆10,3 is the normal fan of a polytope. The multi-associahedron ∆10,3 is a 3-neighborly simplicial
complex of dimension 8 with f -vector (1, 15, 105, 455, 1320, 2607, 3465, 2970, 1485, 330). We tested
144139 different fans realizing it among the infinitely many produced by our construction, and none
of them is the normal fan of a polytope, see Table 4. Nevertheless, the polytopality question of multi-
associahedra remains open in general, see Section 4 for more details.
Our construction of the fans can be applied for any subword complex of type An. Although it does
not produce the right fans for n ≥ 4, it seems to be close to a valid construction, at least for small values
of k and n. We argue this fact in Section 6, where we apply a slight modification to our construction to
produce fan realizations of two previously unknown cases of subword complexes of type A4, namely the
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multi-associahedra ∆9,2 and ∆11,3. We remark that these two cases are far from trivial. In particular,
they are intractable with computational methods previously used in the literature [BP09, Ceb12]. The
corresponding f -vectors are presented in Table 2. Interestingly, we show that the two fans we present
for ∆9,2 and ∆11,3 can not be obtained as the normal fan of a polytope.
∆`,k neighborliness dim. f -vector
∆9,2 2-neighborly 7 (1, 18, 153, 732, 2115, 3762, 4026, 2376, 594)
∆11,3 3-neighborly 11 (1, 22, 231, 1540, 7150, 23958, 58751, 105534, 137280,
125840, 77077, 28314, 4719)
Tab. 2: f -vectors of two multi-associahedra of type A4.
2 Definitions and main results
Let (W,S) be a finite Coxeter system. Let Q = (q1, . . . , qr) be a word in the generators S and pi ∈W be
an element of the group.
Definition 2.1 (Knutson–Miller [KM04]) The subword complex SC(Q, pi) is the simplicial complex
whose faces are subsets I ⊂ [r] such that the subword of Q with positions at [r] r I contains a reduced
expression for pi.
As mentioned above, a subword complex is either a ball or sphere. It was proven in [CLS14, Theo-
rem 3.7] that every spherical subword complex is isomorphic to a subword complex of the form SC(Q,w◦),
where w◦ is the longest element of the group. Therefore, we restrict our study to subword complexes of
this form and write SC(Q) for simplicity. We denote by N := `(w◦) the length of w◦.
Definition 2.2 Given a word Q and a matrix M ∈ R(r−N)×r, we define a natural collection of cones
FQ,M in Rr−N . Its rays are given by the column vectors of M and its cones are spanned by the columns
corresponding to faces of subword complex SC(Q).
The techniques in this paper work for arbitrary finite Coxeter groups. However, part of our main results
are devoted to the Coxeter groups of type A. Let W be a Coxeter group of type A generated by the set
S = {s1, . . . , sn} of simple transpositions si = (i i+ 1). Let ∆ be the corresponding set of simple roots
and Φ = W ·∆ = Φ+ unionsq Φ− be the set of roots partitioned into positive and negative roots respectively.
Let c = (s1, . . . , sn) be a Coxeter element, and Pm = cm = (p1, . . . , pmn) be a sufficiently long word
that contains Q as a subword. The main ingredient in our construction is a counting matrix Dc,m, whose
entries count the number of reduced expressions of c in Pm using the letter pi, after restricting to standard
parabolic subgroups.
Definition 2.3 The counting matrix Dc,m is a (N ×mn)-matrix whose rows correspond to positive roots
and columns to the positions 1 ≤ j ≤ mn of the letters of Pm = cm = (p1, . . . , pmn). Given α ∈ Φ+
and 1 ≤ j ≤ mn, denote by Sα ⊂ S the subset of generators whose corresponding simple roots are used
in the unique decomposition of the root α in the basis ∆ and by cα the restriction of c to the generators
in Sα. The entry dα,j of Dc,m is the number of reduced expressions of cα in Pm (copies of cα up to
commutations) using the letter pj . In particular, if pj /∈ Sα, then dα,j = 0.
432 Nantel Bergeron and Cesar Ceballos and Jean-Philippe Labbe´
For any embedding ϕ : Q → cm of Q into a sufficiently long word Pm = cm we construct, in
Theorem 2.6, a complete simplicial fan realization of the spherical subword complex SC(Q) . This
embedding can be thought as a map ϕ : [r]→ [mn] from positions in Q to positions in Pm.
Definition 2.4 The restricted matrix Dϕ is the restriction of Dc,m to the columns ϕ(1), . . . , ϕ(r) corre-
sponding to the positions of the letters of Q embedded in cm.
Example 2.5 Let P4 = c4 = (s1, s2, s1, s2, s1, s2, s1, s2, ) be a word of type A2. The counting matrix
Dc,4 is given below, where the rows correspond to the positive roots {α1, α1 + α2, α2} in this order. If
we take Q corresponding to the underlined letters embedded in P4, the dual restricted matrix Dϕ is the
restriction of Dc,4 to the corresponding columns.
Dc,4 =
(
1 0 1 0 1 0 1 0
4 1 3 2 2 3 1 4
0 1 0 1 0 1 0 1
)
Dϕ =
(
1 0 0 1 1
4 1 2 2 1
0 1 1 0 0
)
Given a full rank matrix D, we say that M is a Gale dual matrix of D if the rows of M form a
basis for the kernel of D, see [DLRS10, Definition 4.1.35]. This dual matrix is determined up to linear
transformation of its rows. Let Mϕ be a Gale dual matrix of Dϕ.
Theorem 2.6 Let SC(Q) be a spherical subword complex of typeAn with n ≤ 3, and ϕ be an embedding
of Q into cm. The fan FQ,Mϕ is a complete simplicial fan realization of SC(Q).
This result provides infinitely many complete simplicial fan realizations of any spherical subword com-
plex of type An with n ≤ 3. In the particular cases where the word Q = cm is naturally embedded
into itself we get explicit realizations. In the corollaries below, the entries of the matrices depend on the
functions S(i) = i2 and T (i) = i(i+ 1)/2.
Corollary 2.7 Let c = (s2, s1, s3) be a bipartite Coxeter element of type A3 and Q = cm, with m ≥ 3.
The fan FQ,M213,m is a complete simplicial fan realization of SC(Q) for the matrix M213,m below.
M213,m :=

−I3m−6
B213,m−2
...
B213,1

(3m−6)×(3m)
Bt213,i :=

S(i+ 1) −T (i) −T (i)
2T (i) −T (i− 1) + 1 −T (i)
2T (i) −T (i) −T (i− 1) + 1
−S(i+ 1) + 1 T (i) T (i)
−2T (i) T (i− 1) T (i)
−2T (i) T (i) T (i− 1)

A similar corollary holds for the Coxeter element c = (s1, s2, s3).
Example 2.8 (3-dimensional associahedron) Let c = (s2, s1, s3) be a bipartite Coxeter element of type
A3 andQ = c3. The subword complex SC(Q) is isomorphic to a 3-dimensional simplicial associahedron.
It can be realized as a complete simplicial fan FQ,M213,3 where
M213,3 =
( −1 0 0 4 2 2 −3 −2 −2
0 −1 0 −1 1 −1 1 0 1
0 0 −1 −1 −1 1 1 1 0
)
This fan is the normal fan of a polytope. Figure 1 illustrates eight polytopal realizations associated to
appropriate words Q and different choices of embeddings ϕ in Theorem 2.6.
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Q = 121323121 with c7: Q = 123123121 with c14: Q = 123123121 with c7: Q = 123121321 with c7:
Q = 231213213 with c9: Q = 213213213 with c11: Q = 231231213 with c5: Q = 213213213 with c5:
c = s1s2s3 c = s2s1s3
Fig. 1: Eight different polytopal realizations of the 3-dimensional associahedron using embeddings of a word Q into
some cm for the Coxeter elements c = s1s2s3 and c = s2s1s3
Corollary 2.7 can also be restated in terms of multi-associahedra. Before giving a precise statement let
us recall some basic definitions. Let k ≥ 1 and ` ≥ 2k + 1 be two positive integers. We say that a set
of k + 1 diagonals of a convex `-gon forms a (k + 1)-crossing if all the diagonals in this set are pairwise
crossing. A diagonal is called k-relevant if it is contained in some (k + 1)-crossing, that is, if there are
at least k vertices of the `-gon on each side of the diagonal. The simplicial multi-associahedron ∆`,k is
the simplicial complex of (k + 1)-crossing-free sets of k-relevant diagonals of a convex `-gon. We are
particularly interested in the case ` = 2k + 4, where the polytopality conjecture is still open. In this
case, there are exactly 3k + 6 k-relevant diagonals, which are in correspondence with the columns of the
matrix M213,k+2 as follows: cyclically label the vertices of the `-gon from 1 up to `. The first k-relevant
diagonal in lexicographic order corresponds to the last column ofM213,k+2, the other k-relevant diagonals
correspond to the other columns in the order they appear in lexicographic order, see Example 2.10. Let
Fk be the simplicial fan in R3k whose rays are the column vectors of M213,k+2, and whose cones are
spanned by the column vectors corresponding to faces of ∆2k+4,k. Using this terminology, Corollary 2.7
can be read as follows.
Corollary 2.9 The fan Fk is a complete simplicial fan realization of the multi-associahedron ∆2k+4,k.
Example 2.10 (Multi-associahedron ∆10,3) The multi-associahedron ∆10,3 can be realized as the com-
plete simplicial fan F3. The rays are the column vectors of the matrix M213,5 below, and the cones are
spanned by the column vectors corresponding to faces of ∆10,3. The pairs of numbers on top of the matrix
are the 3-relevant diagonals of the 10-gon associated to each of the columns of the matrix.
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M213,5 =
1, 6 1, 7 2, 6 2, 7 2, 8 3, 7 3, 8 3, 9 4, 8 4, 9 4, 10 5, 9 5, 10 6, 10 1, 5

−1 0 0 0 0 0 0 0 0 16 12 12 −15 −12 −12
0 −1 0 0 0 0 0 0 0 −6 −2 −6 6 3 6
0 0 −1 0 0 0 0 0 0 −6 −6 −2 6 6 3
0 0 0 −1 0 0 0 0 0 9 6 6 −8 −6 −6
0 0 0 0 −1 0 0 0 0 −3 0 −3 3 1 3
0 0 0 0 0 −1 0 0 0 −3 −3 0 3 3 1
0 0 0 0 0 0 −1 0 0 4 2 2 −3 −2 −2
0 0 0 0 0 0 0 −1 0 −1 1 −1 1 0 1
0 0 0 0 0 0 0 0 −1 −1 −1 1 1 1 0
Remarkably, this fan can not be obtained as the normal fan of a polytope. Even more surprising, using
different embeddings of an appropriate word into cm, we tested more than a hundred thousand different
fans realizing ∆10,3 and none of them turned out to be the normal fan of a polytope, see Table 4. We refer
to Section 4 for more details.
3 The sign function and Coxeter signature matrices
Theorem 2.6 relies on a reformulation of the problem in terms of two notions related to Coxeter groups:
a sign function on reduced expressions of an element and a Coxeter signature matrix, see Theorem 3.6.
3.1 Graph of reduced expressions of w and sign function
Given a finite Coxeter group W and an element w ∈ W , we consider the graph G(w) of reduced ex-
pressions of w connected by braid relations, see [RR13, Hum92]. Figure 2 illustrates an example of
the graph G(w◦) for the symmetric group W = S4. The 16 vertices are labeled by the subscript se-
quence of the 16 reduced expressions of w◦. For example, 123121 represents the reduced expression
s1s2s3s1s2s1. We say that the pairs {i, j} and {i′, j′} are in the same conjugate class if si′ = w−1siw
and sj′ = w−1sjw for some w ∈W .
Proposition 3.1 Let W be a finite Coxeter group and w be an element in W . Then, any loop in the
graph G(w) contains an even number of edges labeled by pairs in the conjugate class of {i, j} (corre-
sponding to a braid relation mij) for any fixed pair {i, j}. In particular
1. Any loop in G(w) contains an even number of edges.
2. Any loop in G(w) contains an even number of edges corresponding to even braid relations.
3. Any loop in G(w) contains an even number of edges corresponding to odd braid relations.
Remark 3.2 Taking the conjugate classes of pairs {i, j} is necessary for the result to be true. Consider
the reduced expression s1s2s1s4 in A4. The sequence of braid moves
s1s2s1s4
14−→ s1s2s4s1 24−→ s1s4s2s1 14−→ s4s1s2s1 12−→ s4s2s1s2
24−→ s2s4s1s2 14−→ s2s1s4s2 24−→ s2s1s2s4 12−→ s1s2s1s4
is a loop in the graph of G(w) that contains three braid relations {1, 4}, not an even number. But if we
consider both {1, 4} and {2, 4}, then we get six braid relations of that type, an even number.
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Part 2 of this proposition allows the following sign function to be well-defined.
Definition 3.3 The sign function on reduced expressions of w◦ is a map
sign : {reduced expressions of w◦} → {1,−1}
such that if w,w′ are two reduced expressions of w◦ connected by a braid move mij , then
sign(w′) = (−1)mij−1 · sign(w). (1)
Since the graph of reduced expressions of w◦ is connected [Tit69], this function is unique up to global
multiplication by −1. Two reduced expressions connected by an odd braid move have the same sign,
while two connected by an even braid move have opposite signs. In the case of type An, this sign func-
tion also appears in a connection between scattering amplitudes in physics and the positive Grassman-
nian [AHBC+14]. More precisely, the authors sign function arising from the case of the Grassmannian
G(2, n) coincides with the sign function of reduced expressions of w◦ in type An. Figure 2 illustrates the
sign function on reduced expressions of w◦ in type A3.
123121121321
123212
132312
212321
213231
231231 213213
231213
312312
312132
321232
321323323123
232123
+-
+
+
+
+
+
+ +
-
-
-
-
-
- - 132132
Fig. 2: The sign function on reduced expressions of w◦ in type A3: red (thick) edges represent even braid relations
(commutations in this case), and blue (thin) edges represent odd braid relations
Remark 3.4 (Sign function of type An) The sign function of typeAn can be easily described in terms of
their inversions. Let w = w1 . . . wN be a reduced expression of w◦ and t1, . . . , tN be the corresponding
inversions given by tk = w1 . . . wk . . . w1. Each tk is a transposition of the form (ik, jk). If we replace
each tk by min{ik, jk}, we obtain a multi-permutation of
111 . . . 1︸ ︷︷ ︸
n times
22 . . . 2︸ ︷︷ ︸
n−1 times
. . . n− 1 n− 1 n.
The sign(w) is the sign of this multi-permutation. According to personal communication with Alexander
Postnikov, the sign of w can be alternatively obtained as the product of the sign of the permutation of
inversions of w with −1 to the number of higher inversions of w.
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3.2 Coxeter signature matrix
Let Q = (q1, . . . , qr) be a word in S containing at least one reduced expression of w◦, and let N = `(w◦)
be the length of the longest element in W .
Definition 3.5 (Coxeter signature matrix) A matrix M ∈ RN×r is a signature matrix of type W for the
pair (Q,w◦) if for every reduced expression w ⊂ Q of w◦,
sign(w) · det(w) > 0, (2)
where det(w) is the determinant of the matrix M restricted to the columns corresponding to w, and
sign(w) is the sign function of w according to Definition 3.3.
Consider a full rank matrix M ∈ R(r−N)×r and a Gale dual matrix MG ∈ RN×r, as well as the
associated fan FQ,M from Definition 2.2.
Theorem 3.6 FQ,M is a complete simplicial fan realization of SC(Q) if and only if
(S) MG is a Coxeter signature matrix for the pair (Q,w◦) (Signature), and
(I) there is a facet of SC(Q) for which the interior of its associated cone is not intersected by any other
cone (Injectivity).
Proposition 3.7 Let W be a Coxeter group of type An with n ≤ 3, let c be a Coxeter element and
Q = cm. The counting matrix Dc,m is a signature matrix for the pair (Q,w◦).
Proposition 3.7 is proved using explicit computations of the determinants in (2). We remark that it does
not hold for n ≥ 4 and address the problem of finding Coxeter signature matrices in general.
4 Polytopality
Following [DLRS10], we say that a fan is regular if it is the normal fan of a polytope. One natural question
is whether the fans in Theorem 2.6 are regular. The answer is negative in general, most of the fans FQ,Mϕ
are not. We restrict the verification of regularity to the family of multi-associahedra ∆`,k, whose facets are
in bijection with k-triangulations of a convex `-gon. The multi-associahedron ∆n+2k+1,k can be obtained
as a subword complex SC(Q) for any wordQ equal to ckw◦(c) up to commutations, where w◦(c) denotes
the lexicographically first reduced expression of w◦ in c∞. We refer to [CLS14] for more details on this
connection. We used the computer algebra system Sage [S+14] to produce all the words Q satisfying this
property and tested regularity of the fans corresponding to embeddings of Q into a longer word cm for
different values of m in types A2 and A3. The results are summarized in Tables 3 and 4. It is surprising
to have so many different non-regular fans realizing ∆10,3.
Remark 4.1 Our computational results reveal that more than a hundred thousand possible fans realizing
the multi-associahedron ∆10,3 are not the normal fan of a polytope. We do not know if there are em-
beddings into longer words cm for which the fan is regular. We found out that the fans associated to the
subword complex Obs(A3) := SC(1212321212) embedded in words cm with m ≤ 10 and c any Coxeter
element are not regular. This obstruction is minimal: removing any letter to Obs(A3) yields a regular
complete fan. The subword complex Obs(A3) appears to be a possible candidate to disprove the poly-
topality conjecture for subword complexes. The f -vector of Obs(A3) is (1, 9, 30, 42, 21). As it turns out,
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∆2k+3,k A2 m Regular fans Non-regular fans
∆5,1 k = 1 m ≤ 11 6006 0
∆7,2 k = 2 m ≤ 11 12870 0
∆9,3 k = 3 m ≤ 11 16016 0
∆11,4 k = 4 m ≤ 11 12376 0
∆13,5 k = 5 m ≤ 10 1360 0
∆15,6 k = 6 m ≤ 10 306 0
Tab. 3: Results of regularity tests on complete simplicial fans of type A2.
∆2k+4,k A3 m Regular fans Non-regular fans
∆6,1 k = 1 m ≤ 12 1 144 293 136
∆8,2 k = 2 m ≤ 11 66 293 743 560
∆10,3 k = 3 m ≤ 10 0 144 939
Tab. 4: Results of regularity tests on complete simplicial fans of type A3.
the subword complex Obs(A3) is polytopal, see [AS76, Table 3]. During FPSAC 2013, Francisco Santos
obtained an explicit construction of a 4-dimensional polytope whose boundary complex is Obs(A3). We
are grateful to him and his great insight.
5 Fan realization space
This section presents a large connected component of the fan realization space of spherical subword com-
plexes of type A3. We tested regularity of many fans arising this way and none of them were regular. For
a collection of real parameters a = {ai, bi, ci}i=1,...,m define the a-counting matrix D123,a as the matrix
D123,a =
 D˜am · · · D˜a1

6×3m
D˜ai =

1 0 0
ai m− bi + 1 0(
ai+1
2
)
(m− bi + 1)(bi)
(
m−ci+2
2
)
0 1 0
0 bi m− ci + 1
0 0 1
 ,
and denote by M123,a any Gale dual matrix of D123,a. We are particularly interested in parameters
satisfying the c-signature inequalities in Figure 3, for c = (s1, s2, s3).
Theorem 5.1 Let c = (s1, s2, s3) be a Coxeter element of type A3 and Q = cm, with m ≥ 3. For any
choice of real parameters a = {ai, bi, ci}i=1,...,m satisfying the c-signature inequalities in Figure 3, the
fan FQ,M123,a is a complete fan realizing SC(Q).
A similar result is valid for the bipartite Coxeter element c = (s2, s1, s3).
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am
bm
cm
am−1
bm−1
cm−1
· · ·
· · ·
· · ·
a2
b2
c2
a1
b1
c1
ai − ai−1 > 0
bi − bi−1 > 0
ci − ci−1 > 0
2bi − ci − ai−1 + 2bj − cj − aj−1 > 0
ci+1 + ai − 2bi + cj+1 + aj − 2bj > 0
Fig. 3: Signature inequalities for c = (s1, s2, s3) in type A3. The dashed shapes on the right show an example of the
parameters involved in the fourth equation
6 Multi-associahedra of Type A4
Let c = (s2, s4, s1, s3) be a bipartite Coxeter element of type A4 and Q = ckw◦(c). For this partic-
ular Coxeter element w◦(c) = (2, 4, 1, 3, 2, 4, 1, 3, 2, 4). The subword complex SC(Q) is isomorphic
to the multi-associahedron ∆2k+5,k. We refer to [CLS14, Section 2.4] for an explicit bijection between
positions in the word Q and k-relevant diagonals in the polygon. We tested if the counting matrix from
Definition 2.3 is a signature matrix for different values of k and gathered the results in Table 5.
k good signs bad signs zero total
1 42 0 0 42
2 593 0 1 594
3 4702 0 17 4719
4 25905 6 115 26026
Tab. 5: Signs of the determinants of reduced expressions of w◦ in ckw◦(c) for the counting matrix associated to
multi-associahedra of type A4.
In the cases k = 2 and k = 3 (∆9,2 and ∆11,3) almost all determinants had the right signs with the
exception of a few that were equal to zero. We found complete simplicial fan realizations in these cases by
modifying some of the columns involved in the zero determinants, in such a way that they become non-
zero determinants with the right signs. These modifications were small enough to make sure that all other
determinants still have good signs. Note that we are not able to obtain complete simplicial fan realizations
for the case k = 4 because such a small modification would not correct the bad signs that appear.
Example 6.1 (Multi-associahedra ∆9,2 and ∆11,3) The multi-associahedron ∆9,2 can be realized as
the complete simplicial fan whose rays are the row vectors of the matrix on the left below and whose
cones are spanned by the row vectors corresponding to faces of ∆9,2. The pairs of numbers on the left
of the matrix are the 2-relevant diagonals of the 9-gon associated to each of the rows of the matrix. The
multi-associahedron ∆11,3 can be realized as the complete simplicial fan whose rays are the row vec-
tors of the matrix on the right below and whose cones are spanned by the row vectors corresponding to
faces of ∆11,3. The pairs of numbers on the left of the matrix are the 3-relevant diagonals of the 11-gon
associated to each of the rows of the matrix. Remarkably, these 2 fans are not the normal fan of polytopes.
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

1, 6 −1 0 0 0 0 0 0 0
2, 5 0 −1 0 0 0 0 0 0
1, 7 0 0 −1 0 0 0 0 0
2, 6 0 0 0 −1 0 0 0 0
2, 7 0 0 0 0 −1 0 0 0
3, 6 0 0 0 0 0 −1 0 0
2, 8 0 0 0 0 0 0 −1 0
3, 7 0 0 0 0 0 0 0 −1
3, 8 775 4 −4 −9 6 1 −1 −2
4, 7 18920 10 −1 −12 3 4 0 −3
3, 9 19910 8 −2 −15 6 2 1 −3
4, 8 20110 8 −5 −12 6 2 −1 −1
4, 9 − 14120 0 3 3 −3 0 1 1
5, 8 1720 −8 −3 9 0 −3 −1 3
1, 4 − 39720 −8 3 15 −6 −2 0 3
5, 9 −20 −8 5 13 −6 −2 1 2
1, 5 − 7310 −4 1 6 −2 −1 0 1
6, 9 − 414 −1 4 3 −3 0 1 0


1, 7 −1 0 0 0 0 0 0 0 0 0 0 0
2, 6 0 −1 0 0 0 0 0 0 0 0 0 0
1, 8 0 0 −1 0 0 0 0 0 0 0 0 0
2, 7 0 0 0 −1 0 0 0 0 0 0 0 0
2, 8 0 0 0 0 −1 0 0 0 0 0 0 0
3, 7 0 0 0 0 0 −1 0 0 0 0 0 0
2, 9 0 0 0 0 0 0 −1 0 0 0 0 0
3, 8 0 0 0 0 0 0 0 −1 0 0 0 0
3, 9 0 0 0 0 0 0 0 0 −1 0 0 0
4, 8 0 0 0 0 0 0 0 0 0 −1 0 0
3, 10 0 0 0 0 0 0 0 0 0 0 −1 0
4, 9 0 0 0 0 0 0 0 0 0 0 0 −1
4, 10 341422005
2600
1203 − 62001203 − 3880401 3960401 10401203 − 28401203 − 1780401 1720401 2601203 − 8601203 − 17201203
5, 9 2196909200500
5424
401 − 133401 − 748714010 119462005 148582005 7494010 − 341314010 38522005 67222005 7214010 − 52942005
4, 11 95875340100
3090
401 − 1045401 − 15915802 4680401 1236401 375802 − 6431802 1413401 309401 1133802 − 872401
5, 10 47805920050
9205
1203 − 77921203 − 12513802 4581401 36821203 − 59512406 − 1968401 1370401 18412406 − 6851203 − 1671203
5, 11 − 1344229200500 33981203 49451203 25014010 − 95962005 67966015 2812312030 49614010 − 44922005 16996015 1050712030 44926015
6, 10 87853200500 − 5977401 − 2219401 746434010 − 19082005 − 159642005 − 110574010 376234010 − 10112005 − 59962005 − 36734010 63522005
1, 5 − 2356367100250 − 3034401 1405401 392282005 − 230462005 − 60682005 9932005 158882005 − 69722005 − 15172005 − 8432005 43292005
6, 11 − 470462005 − 90501203 77001203 6565401 − 4530401 − 36201203 29451203 2340401 − 1360401 − 9051203 6801203 13601203
1, 6 − 40006450125 − 54681203 8241203 162772005 − 69392005 − 109366015 − 6746015 57622005 − 17382005 − 27346015 − 11366015 37436015
7, 11 − 2203731200500 1010401 2311401 − 8914010 − 96842005 32232005 101594010 − 38714010 − 27482005 13072005 29214010 − 10892005
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